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Equations for a mixed tensor field* 


By B. E. Laurent 


I. Intreduction 


In a generally invariant quantum theory of the type proposed by Klein and 


recently investigated by the present author!, a mixed tensor density of weight one 
half can be used (together with its complex conjugate quantity) as a kind of an- 
nihilation (and creation) operator. In this connexion, the question arises if there 


is a way of writing covariant equations, similar to Einstein’s equations, for this 
type of field without involving the metric field. 
Equations for a mixed tensor density might have some interest from other 


_ points of view. This paper is therefore going to be kept entirely in the classical 


domain without any further reference to quantum theory. 

The general idea of how to obtain the equations is very simple: The curvature 
tensor is written in terms of the affine connexion exactly as usual but the af- 
fine connexion is expressed in terms of the mixed tensor density of weight one 
half, CY’, and its derivatives instead of the metric tensor g,, and its derivatives. 

In the metric case, the affinity is obtained from the relations? 


Iw: = 9, (1) 
so one naturally tries to approach the former case through the equations 
Crn = 0. (2) 


The main purpose of this paper is to solve the equations (2) for the affine 
connexion. 

In the next section, equation (2) is split into two sets of equations, one of 
which is easily solved and the other is put in a matrix form. The sections III 
and IV deal with the consistency of these equations and the indeterminacy of 
their solutions. In section V, an explicit solution is given for a special case. 
Not even for this case is this solution, however, quite satisfactory because it 
requires, to be invariant, an extra arbitrary field. This difficulty is solved in 
section VI with the introduction of an extra condition for the affinity. Finally, 


* The research upon which this paper is based was done under U.S. Air Force contract 
no. AF 61(052)-—47. Se 

1 0. Klein: Niels Bohr and the Development of Physics, p. 96. Pergamon Press, 1955. 
B. E. Laurent: Arkiv f. Physik, This issue. : 

2 A semicolon means covariant derivative expressed in the usual way with help of the 
affinity. 
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| \oleDet Gao 
In n dimensions, |C| is then a scalar density of waiehl-b This 
Dp= ko": -O§ 
is a mixed tensor, k(+0) being a scalar constant. From (4) endee ae 
| D|=Det Da=k". 


The purpose of this paper is to solve the affinity, I'%,, from the equations (2). 
Introducing (4) in these equations, one obtains, using the ordinary rules for 
covariant derivatives 


1 ( 
Diy +7 (Cl | Cl» Dp = 0. Nivel (6) 


On account of (5), the inverse tensor of D% exists. Denoting it by D%, the 
following relations are true (the first one by definition): 


Dt D3 = 66, (7) 
Dy D3 = 65, (8) 
Dé Dé, =0. (9) 


From this last equation, (9), which follows directly from |D],,=0 (see (5)), it 
is evident that (6) splits into the two sets of equations 


D5: =9 (10) 

and |e]. =0. (11) 
Written out explicitly, they have the following appearance: 

Diy = Delt, —T os, (12) 

|C|,,=2|C|-Ts,. (13) 


From (13) the set of quantities T, are immediately determined. The equations (12) 
are easiest to treat when they are written in matrix form. Introducing the matrix 
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D= Di encore J (14) 


Peewee ee eeeene 


and the corresponding matrices [',, (12) can be written 
D.,=([D, T,). (15) 


These equations resemble formally the equations for the so called I'-matrices in 

the general relativistic theory of the Dirac equation.! The two cases are, however, 

sufficiently dissimilar that it is defensible to give a brief general account of the 

solvability of the equations (15) and the indeterminacy of their solutions. 
This question will be discussed:-in the next two sections. 


III. Consistency relations 


From (15), a set of consistency conditions for the D-matrix follows immedi- 
ately. Let r be an integer. Then 


(Tr D'),,=r-Tr(D"? D,)=r-Tr(D' *(D, T,]y=0. 
Hence (Tr D"),, =0. (16) 


Hence TrD" must be independent of all the coordinates. This in turn implies 
that all the coefficients in the secular equation for D must be independent of 
the coordinates since they can be expressed in terms of Tr D’ with r running from 
1 to n. Consequently, the eigenvalues of D must have this same property: they 
must be the same all over the n-dimensional space. 

As the eigenvalues of D are moreover invariant in arbitrary coordinate trans- 
formations, they can without any contradiction be chosen once and for all like 
the signature of the metric in the Einstein theory. (We are later on going to 
use this possibility as a device for solving the equations (15) without, however, 
giving any deeper meaning to our special choice.) 

Provided the matrix D can be diagonalized, it is clear that (15) gives less 
and less information about the I, the more degenerate D is. The extreme case 
oceurs when D is completely degenerate so that it is simply a multiple of the 
unit matrix. In that case, the I’, are entirely unknown. 

For the reasons given above, the D-matrix is in the following always asswmed 
to be non-degenerate, i.e. all its eigenvalues are unequal. From this supposition 
it follows that D can be diagonalized, though the eigenvalues are not necessarily 
real. It also follows that a matrix? 


n 
D'= > ¢,D’, (17) 
r=1 
1 There has very recently appeared a contribution to this theory: J. G. Fletcher, Nuov. 


Cim. VIII, 451 (1958). ae 
2 This equation can be solved for D if D’ is also non-degenerate. 
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where the c, are constants, can always be constructed which has arbitrary eigen- 
values and is diagonal at the same time as D. 
It is clear from (10) that, with the same I’, as before, 


hy 0. (18) 


In a sense, therefore, the I’, are entirely independent of the eigenvalues of D. 


IV. Compatibility 


It will be shown in this section that, under the condition (16), the equations 
(15) are compatible. For each value of y, there are n* equations and n* un- 
known quantities. The ? equations are, however, not independent. An arbitrary 
linear combination of the right hand members is 


Tr (A [D, T’,]), 


where A is an arbitrary matrix. Putting this quantity identically equal to zero, 
independent of the values of the [,, one obtains 


Tr (A [D, ',])=0. 
Hence Trl, (A; Dj=o 
and [A, D]=0 
and A=) a,D’, (19) 
r=1 


where the a, are arbitrary functions of the coordinates. Equation (19) gives the 
general linear dependence of the right hand members of the equations (15). 
The necessary and sufficient condition for compatibility is that their left hand 
members are dependent in the same way, so that 


Tr (4 D,,) =0. 


This follows, however, immediately from (19) and the condition (16). As we 
have now seen, there are only n(n—1) independent equations but still n? un- 
known quantities. The resulting indeterminacy of the I’, is, as is seen directly 
from (15), an arbitrary term commuting with D. Hence, if I’, is a special solu- 
tion, then 


r=%+ > aD" (20) 


r= 


is the general solution. The a,, are here arbitrary functions of the coordinates. 


V. Explicit solution 


According to section III, it is actually no restriction to give D definite 
eigenvalues from the start. In this section and the next, where explicit solutions 
are given, it will therefore, for simplicity, be assumed that D has the following 
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Tye 2 DMD, 4) 


the M, are n arbitrary matrices. 
With a Seine convention for indices like r in (24), and 


Pre fehas) ' D, =D’ (25) 
) can be written =| 


Tr, =- 


Sie 


(D, D’, + D, Mr D’). (26) 


Unfortunately (26) is not a very suitable way of expressing the general solu- 
tion because, with M,=0, the [, in (26) do not transform correctly. This shows 
that M,=0 is not an invariant statement. 
- What one should want to have is a special solution af (2) expressed in terms 
of the C% and their derivatives only | but which neverbcles transforms as the 
- affine connexion must transform.? 
This difficulty is solved in the next section. 


VI. A covariant solution 


3 

4 

A In the following, the indices on matrices like D and I’, will as a rule be 
_ written out explicitly because we want to consider the indices 6 and y in V3, 
on an equal footing. 


; To avoid too Hany, brackets, the following conventions are made 

= 4 = (Dh (27) 
4 D,4= (Dg. (28) 
: Ue Oar" aa aan % Ge y a x? 

ec | a aad on ac ad? ax” on? 
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Dz Pie= Pig De, oe 
Ris Pri = Pre Pai 


Di Pie DELS ann ant De a 


Dy Pic = Dp Pes: 

Pi Pi = Pie, 
Peo = Poo = 00, (37 
P33 = PY, : (38a) 
P3o = PS. (38 b) 


The introduction of the following extra condition on by: 
Pig (Te, — Te) =0, (39) 


provides just that much extra information about the ['%, which enables us to — 
obtain, from (2), a unique solution without putting any condition on the CB 
(see Appendix 3). The solution is 


Di, = Gh, + PEE Qo — Poy Gi, + 4 PH|C|*|C|.. (40a) 


This quantity can also be written in the form (31) if use is made of (38). 
M3, turns out to be 


Moy = Go — 07 Gee + $05 [Cl | Co. (40 b) 
Thus (40a) is certainly a solution of equation (12). 
Moreover, contracting (40a) over « and 6 and using (37) and (38), the three 


first terms vanish and what remains is exactly equation (13). Thus the basic 
equations (12) and (13) are satisfied. 
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_ Finally, it can be shown directly, using the listed properties of the P$-tensor, 
that the special solution (40a) transforms correctly. ho 

The general solution without the extra condition (39) is of course obtained 
from (40) by adding a term 


; 
: 
4 


yy DG. 


-* 3 
_ The a,, form four arbitrary vector fields. 

It might be worth while to point out that our basic equation (2) evidently 
determines the affinity Tj, at least as completely as the corresponding equations 
(1) in the metric case. In the latter case, one has, as is well known, to add 
the extra condition 

Ds, —Dyg=0 


to get a unique solution. This condition is obviously either equivalent to or 
stronger than the condition (39). 


VII. The general case 


In this section, we are going to relax the special choice of eigenvalues in- 
troduced in the beginning of section V. According to section III, this can al- 
ways be done by constructing from Dj (having different but, apart from that, 
arbitrary eigenvalues) a matrix D’3, the eigenvalues of which fulfil the equation 
(21)—the relation between D’%Z and D% being (17) or 


D'$=c, D'S. (41) 


We have already succeeded in constructing a covariant solution of (12) and (13) 
with D% replaced by D’3 and we know from section III that the general I%, 
we obtain must then be the same I}, as those obtained from (12), (13) with 
the original Dj. We need only replace D’3 in T%, by D% using the relations (41). 
Applying this procedure to the specvial solution (40), one obtains of course a 
covariant solution expressed in the original D3. We are now going to define 
D,Z (so far only D;j is defined) so that both the solution (40) and the extra 
condition (39) take the same form irrespective of whether they are expressed 
in terms of DZ or D’j. In this way the detour around the D’j is avoided. 
Not only D’% but all the D’3 can be expressed in terms of the D’; so that 
(41) can be expanded to 
= C°, DS. (42) 


Here the c', are exactly the same as the c, in (41). 
The inverse relation to (42) must exist. Let us write it 


D%= 0, D's. (43) 


We now define D,j as follows: 
Dex, De. (44) 


1 One can easily count the number of independent equations in (10, 11) and (1) resp. (see sec. 
IV). It is in (10, 11): m,=n?(n—1)+7n and in (1): m, =n? (n+1)/2. When n=90, 1, 2, m= mz. 
When n> 2, m,> mz. 
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and D,§= hrs D%. (48) 


Hence, by using (45) to get the h”, and then calculating the inverse matrix 
(with the components h,;), it is possible, using (48), to obtain the D,j directly. 


VIII. Connexion with the metric field 


It has already been mentioned in the introduction that no direct physical 
interpretation needs to be attached to the C3 field. In the special case when 
the CZ are real and the affinity is symmetric, there is, however, a certain con- 
nexion between the C% field and the metric field. ’ 

In this special case, the first derivatives of both the C3 and the metric field 
can be transformed away locally. In matrix notation, the connexion can be written 


T*DT=D, (49) 
ToT =g, (50) 


Here D and g are diagonal matrices C with the proper signature) and 7 means 
the transposed matrix tye 

Since D and D have real elements only, a 7 with real elements only can be 
chosen. Then the g,, are all real. g is moreover symmetric, has the correct 


signature, transforms as a covariant tensor and, choosing 7' so that its derivatives 
vanish with those of D, must also fulfil 


Inv = 0. 


From this equation and the symmetry of the I'j,, one can obtain the ordinary 
expression for the Ij, in terms of the g,, and their first derivatives. Conse- 
quently, the g,, satisfy Einstein’s equations. 

T is determined from. (49) except for a factor commuting with the diagonal 
non-degenerate matrix D. Such a factor must be a diagonal matrix with arbi- 
trary eigenvalues. This indeterminacy has the same effect on g as if 7 had 
been determined and the eigenvalues of g arbitrary. Hence there is no point in 


* This is easy to prove with the use of a coordinate system where the first derivatives of 
the C% and hence also the Y, vanish locally. 
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1 solution of equation (15) 
[D, TJ=D., . (A1.1) 


Pe, . (A 1.2) 


OC De ay aD, DD, 


© Multiplying by 7 and adding the equations es r=1 to r=n gives, using the : 
~ convention (25) and (Al. 2). 


D,T, D'=nTy= Es rd DD’, (A1.3) 


The right-hand side can be written 


3 


4 n n-1 

5 => 7D — > ¢P1)D' D 

( r=1 r=0 

3 = 21D D'y- Beet 1D D', 

: =a > py = — 0, Py. 

4 r=1 

; When changing the summation limits the last time, the relation 
D°,=D",=0 
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2 
then, with ae same calculations ts thos tends ‘performed, V . 
jonlasung The inewwree 
WA, hing A, pr ki rite Levecviy | tab Tad 


i? | 


mai hence A, is of the focnennn question. This, finally, leads to the following 
expression for l, G) ated Ge it 


= “(D; TF Se), 
which is equation (26). ‘ 
APPENDIX 2 m2 3 
We wish to show the properties (32)-(38) of the fourth rank tensor (30) 


1 
PH = 5 Dre D3. (A2.1) 
(a) From (23) D'=1 (A 2.2) 
follows by differentiation 
n-1 
> re) , = Gs, 
r=0 


Multiplying this from the left by D and using (A2.2) again, one gets 


i 

i 

Raby 1 

> YD sp = : 

r=0 ¥ 

or D,D,D’ =0 
a Pic Dey = 0, 


which is (32). 
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Hence De P= D3 PZ. 


This is formula (35a). (35b) is proved similarily. 


1 
(e) Pig Pie = 3 Dre DDS D% 

1 Ld r+ST 

= 50 Dy4s0D a 
n 
1 wx aa Ya 

= 4 Die Di= Dep 

Hence (Pip Pi = Pic. 


Thus relation (36) is proved. 
(f) The formula (37) follows immediately from the definition of P33, i.e. (30). 
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feaveng ait é) 
which is formula (38a) in the text. 


a ‘_ ie 
(h) Fie, De a 

Dhak pane = 

oe DS % Tyre 
NM yal em 
di mn a 

es D* D°e 
n 2, ; 8 
1 

=-— Df DG = PS 
n 

Hence P5g = PS. 


This is formula (38b). The formulae (38 a) and (38b) show that the order oF 


the indices in P%% is completely irrelevant, as long as they have their correct 
contra- or covariant character. 


APPENDIX 3 
In this section, we will determine the last term in (31) 
Tj, = G5, + Pgs Ms, (A3.1) 
so that the Tj, satisfy the equation (39) . 
Pa (1g Tye. (A3.2) 
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vi 5= PaBPa fot Yet (A3.4) - 
a . (A385) 


d these quantities satisty E 
| Tyee Yi. (A 3.6) 


Next it will be shown that the Yj, are completely determined by the Dj, their 


first derivatives and the I%,, which latter are known from the equations (13). 
From the Sones (35a). ‘and (A3.4), it follows that 


, De Vy = Dp Vey (A 3.7) 


and, from the equations (34), (35b) and (A3.4) we get 


: 
4 
| 


, 
f 


7 


a i 


LD, Vip eM. (A 3.8) 


The equation (A3.7) tells us that the matrices Y, commute with D in the 
sense of section IV. The Y, matrices must therefore ke of the form 


Y,=4,,D? 


ori component form V3, = Gry D3. (A 3.9) 


The a,, are so far unknown fields. 
Using (22) on (A3.9), one obtains 


Ds V Gy = Ways (A 3.10) 
but from (A3.8) it follows that 
DEVRaDA Yer y (A 3.11) 
Hence a; ¥j,== Ds ver 
or with (30) Viele. (A 3.12) 
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From (A3.5) ae (37) follows that 


Bo, = Ga. 
Using this together with (A3.5) and (31), we obtain the final formula for 
a : Ts, = G+ PEG, — P% GS, + PTS). 
Inserting T'%, from equation (13) gives formula (40) in the text. It can easil; yo 
be shown Girceae by use of (34), that (A3.17) satisfies (39). 
APPENDIX 4 . 
Here formulae (47) and (48) will be proved from the formulae (42)-(46) and 
from the properties of the D’3 quantities investigated in sections V and VI. 


(Notice that the D’f in these sections are denoted D%.) Using (45), (46) and 
the invariance of P3° we obtain 


Rh his= -, D'j DYE Dg Dg =~ D's PY DE. (A 4.1) 
With the help of (43), (35a) and (37), (38), it is easily shown that 
Dry pee = Dre, ; (A 4.2) 
Hence hi hy =~ DB Dé. (A4.3) — 


Using (43), (44) and (22) in this expression, we find 


RT hy = OF, (A4.4) 


which is formula (47) in the text. 
Again, using (46) and the invariance of P%2 gives 


1 
hy D§=— Dg Dg D5 = De PE. (A 4.5) 
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Tryckt den 5 november 1959 


Uppsala 1959. Almavist & Wiksells Boktryckeri AB 
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